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Giris

* Amag
— Quantum Mekaniginin Prensipleri

— Lineer Cebir
— Olasihik

* Neden lineer cebir?
— Lineer Cebir, Quantum Mekanigini anlamak icin 6n kosuldur.

* Lineer cebirin hangi kismi?
— Vektor uzaylarinin incelenmesi ve bu vektor uzaylarinda dogrusal islemler



Ders Hedeflari

* Dogrusal Cebirden temel kavramlari gozden gecirilmesi:
— Complex numbers
— Mantik Kapilari Boole Cebri
— Dirac (Bra-ket) Notation
— Qubit
— Vector Spaces and Vector Subspaces
— Linear Independence and Bases Vectors
— Linear Operators
— Matrices
— Inner (dot) product, outer product, tensor product
— Eigenvalues, eigenvectors,
— Singular Value Decomposition (SVD)

* Quantum mekanigi calismasinda bu kavramlar icin benimsenen standart notasyonlari (Dirac notasyonlari)
acitklanmasi...

* Quantum mekaniginin varsayimlari



Dirac (Bra-ket) Notation



Dirac Gosterimi (The Dirac Notation)

Quantum hesaplama ile birlikte, kubit (qubit) kavramini ihtiya¢c duyulan bir notasyon
Dirac tarafindan gelistirilen bir gdsterimle karsilanabilmektedir.

Bra-ket olarak da adlandirilir.

Bra-ket gosterimi < | > seklinde sembolize edilebilir.

Buradaki bra kismi <| olurken ket kismi |> olmus olur.

Yani ingilizcedeki parantez anlamina yakin bir kelimeyi parcalara bélerek (aslinda
brackets kelimesi, ingilizcede parantez anlamina gelir).

| P>, Ket gosterimi, vektorel bir gosterimdir. Diger bir deyisle, |v> gosterimi aslinda [v]
seklinde gosterilebilen bir kolon vektordiir. <y |, Bra gosterimi ise satir vektorudur.

Ornegin ket gdsterimi icin de bir vektérden bahsedilebilir. Benzer sekilde bra gdsterimi
icin vektorun tersylzu (transpoze) alinmistir denilebilir.



Dirac Gosterimi (The Dirac Notation)

Mevcut durum ket, | > ile gosterilir (Y :psi):

* Ornegin | > gdsterimi, parcacigin  momentumunda oldugunu ifade etmektedir. Daha farkh belirgin
olarak |p=3> gdsterimi, parcacigin 3 momentumuna sahip oldugunu veya parcacigin 3 konumunda
bulundugunu ifade eder.

 Buanlamda, elimizdeki bilgileri gbsteren ket kismi, aslinda baslangi¢c vektoru veya baslangic durumu
seklinde de adlandirilir.

Beklenen Durum bra, < | gosterilir:
e < | bragosterimiise ulasmak istedigimiz hali, veya bekledigimiz durumu gostermeye yarar.

* Ornegin <x=1.5| gdsterimi bize, parcacigin, 1.5 konumunda bitmesini istedigimizi veya boyle bir
beklentimiz oldugunu gosterir.

e Ornegin <x=1.5 | x=3 > gdsterimi, parcacigin 3 konumunda baslayarak 1.5 konumunda bitmesi anlamina
gelir.

* Ornegin <x=1 | x=0 > gdsterimi, parcacigin 0 konumunda baslayarak 1 konumunda bitmesi anlamina
gelir.



Dirac Gosterimi (The Dirac Notation)

| b>, ket gosterimi, mevcut durumun  vektori oldugunu ifade eder.

Kubitler icin olasi durumlardan iki tanesi 1 ve O olma durumudur ki bu durumda
kubitler bizim bildigimiz klasik bitler gibi davranir. Bu durumlari géstermek icin
|0> veya | 1> gosterimi kullanilabilir. Elbette unutulmamasi gereken bir durum,
kubitlerin, klasik bitlerden farkli degerler alabilecegidir. Ornegin kubitler, 0 ve 1
arasindaki herhangi bir dogrusal degeri alabilir.

|Y>=a]|0>+ B|1>gosterimde, Y degeri, a degeri kadar 0 ve B degeri kadar
1’dir. Yani bu iki deger arasinda bir yerde kabul edilen bir vektordur. Alfa ve beta
degerleri, pozitif reel sayi, negatif reel, kompleks sayi olabilir.

Bu vektorin uzunlugunu birim vektor olarak kabul edersek, Pisagor
baglantisindan |a|%+ |B|? =1 olmaldir.



Dirac (Bra-ket) Notation

. . a
Dirac tarafindan Hilbert uzayinda !

. . . . a
nesneleri temsil etmek i¢in sunulan a)y= | .
gosterim. :

v e a
Bra — satir vektorii B
<CL| — [a’l @y an}

Ket — sutun vektoru -
Bra-kets — i¢ carpanlar (ala) = Z a; @ = Z ai]?



Dirac bra/ket notation

Ket: |\|]> always denotes a column vector, e.g. el
a,
e 1 O 5
Qubit Gosterimi: ‘ O> — ‘ 1> —
0) 1 a,
Bra: <\|]| always denotes a row vector that is the conjugate transpose of |\|]>, e.g. [ a’, o, ... oc*d]

Bracket: <(P|\|]> denotes <(P|' |\|]>, the inner product (Skaler Carpim) of |(P> and |\|]>



Bra - Ket

V) - vector, “ket” Le. (@|y) - inner product between vectors |@) and |y).

€1 Note for QC this is on € space not R”!
“ Note (0|y) = (v]o)’
2 3
| o Example: |@) = 6i | ) = A ]
. S a3 " Sutun vektor satir vektére
\y) - vector, “bra” 1.e. (o|w) = [2, 6] 4|~ 6 — 24 e : :
N i donuslrken konjugesi alinir.
(€], 65,00 C))
@) @ |y) - tensor product of |@) and ). | lw) || - norm of vector |y)
Also written as | @) |\) ] i i i \ORIERVAL )
, ; ; ~ jl g Important for normalization of |y) 1.e. [y)/ || |v) ||
: X
Example: = | ® = . = .
ple: [)[¥) { 61 ] [ 4 ] 6?. X3 185‘. (@/4|y) - inner product of |¢) and 4|y).
|64 || 247 ] or mner product of 4T|@) and |y)




Hermitian

Bra-ket Notation Bra-ket Notation
Conjugation
|:r) cH fe = (fL |
(x| € H* (zly) =z -y
Bra-ket Notation T Conjugate Space
) € H
zeH
(o et (2
D) T
I3 n Irq f . y . y vy 6 H
z) = (a| = (a7, 23,23, - 2},) (aly) = 23y = (21,23,23,---23) | - '
i=1 .
- ' f.z? = H*
\7/

\20)
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Linear Algebra
The state space of a quantum system is described as a vector space.
Vector spaces are the object of study in Linecar Algebra..

In this lecture we review definitions from linear algebra that we

need in the rest of the course.

We are mainly interested in vector spaces over the compler nuwmber

field — C.

We use the Dirac notation——|v),|d) (read as ket) for vectors.



Linear Operators

A linear operator A froim one vector space V to another W is a

function such that:

Alaluy + Flvy) = alA(luy) + S(A|v)))

If V is of dimension n and W is of dimension m. then the operator

A can be represented as an m < n-matrix.

The matrix representation depends on the choice of bases for V
and W.



Bir Vektoriin Bilesenleri

Bir vektor yon,
biiyiikliik veya
X- ve y-
bilesenleri
(koordinat
sistemi
tizerinde
izdiistimii)
verilerek ifade
edilebilir.

Skaler Carpim

— || —

A|B

ivi=jej=kek=(1)(1)Cos0 =1
ivj=ivk=j*k=(1)(1)Cos90" =0

—

A* B = ABCos6 =| | Blcoso

A, = ACost
A, = ASin6
A=A} + 4

Vektor Carpimi

AxB
Vektor carpiminin yonii sag el t_ﬁ -
kural1 ile bulunur 7 =
L«‘" B
C-AxB i
Vektor carpiminin buytiklagi B

C = ABSing gl il
YT

A right-handed coordinate system

y
| ixj=k
juk=i
kxi=j




Birim Vektor

Vektor: Sonlu sayilar dizisidir.

aq
- az
A =1 . | bubirvektordlr, a; ay, ..., a, bu vektorin bilesenleridir. n-boyutlu bir vektérdar.

aTL
Bir vektdr birim vektérler cinsinden ifade edilebilir. A = Agl+ Ay jJ +A,k ; Burada i : x ydnundeki
birim vektor, j : y yonindeki birim vektor, k:z yonundeki birim vektordur.

Bir vektor uygun baz vektorleri tzerinden genisletilebilir. Baz vektorleri birim vektorlerdir. Herbir
bileseni uygun bir birim vektoru ile carpilip toplanirsa vektorin tamami elde edilir.

Birim vektorler, Kartezyen koordinat sisteminin eksenlerini ifade etmek icin de kullanilabilir.
Ornegin, Uc boyutlu x,y,z eksenlerinde es yénli birim vektdriin Kartezyen koordinat sistemi;

1 0\ _ 0\ | R
i=(0),j=(1)k={0[A=A0+A,]+Ak
0 0 1



Vektor

Baz vektorleri:

1 0 0

0 1 0

0/ N/ AN/ I . . o . .
A vektorianu baz vektorleri cinsinden yazilabilir. Bir vektor bir katsayi ile carpilirsa sonugyine bir vektor olur. Bir vektor bir
katsayi ile carpildiginda vektorin tim bilesenleri o katsayi ile carpilir.

1 0 0
A= a, O +a; 1 +..+a, O
0 0 1
a, oaaq
B=ad=a| 7 o[ "}
an O(C.ln
aq 0 0 aq
A= 0 + a:z + ...+ O = Cliz , Bir vektor baz vektorleri seklinde genisletilebilir.



C" 18 the vector space of

v

with addition : 1

(¥p

and scalar multiplication

7
Ml

n-tuples of complex numbers:

(31 vy + 3
L 'f.r;' _ | 'r}.r;' _|_ ';j.r;' _
(Y1 20

(v

¥4y




Vector Spaces

A vector space over C is a set V. with

e a commutative, associative addition operation + that has

— an identity O:

v) +0=|v)

— inverses: v)) =20

.“:} + (_

e an operation of multiplication by a scalar o € € such that:

— a( 'f.‘:} ) = (a/F)

v)
— (v + )

— 1

v) = alv) +

o) and a(|u) +

'H:} ) — n|-u.:} + u|-f.‘:}

I"l. P I"l.
)y — "f—‘ [
¢ ¢



Vectors

Formally, the state of a qubit is a unit vector in C*>—the

2-dimensional complex vector space.

o
The vector can be written as
[

a|0) + 3[1)

where, |0) = and |1) =

©)— a ket, Dirac notation for vectors.

We begin by considering a simple memory consisting of only one bit. This memory may be found in one of two
states: the zero state or the one state. We may represent the state of this memory using Dirac notation so that

() - (2)

A quantum memory may then be found in any quantum superposition |1,£') of the two classical states |0) and |1):

o
B

In general, the coefficients ax and 3 are complex numbers.

Iw>==alﬂ)+ﬁ\l>=( ); af + 18 =1.



DEFINITION 3.2.1: The “ket”. When using a vector ¥ to represent a quantum EXAMPLE

state, we'll use a different notation known as “ket”™, written |v} (*ket v""). This is | : i_ |

a notation commonly used in quantum mechanics and doesn’t change the nature v) = — [ ] ] and |w)=— [ ]
of the vectors at all. That is, both notations below are Equivalent:| V2 [ i V2|1

We can calculate the inner product:

w=la]—= (] [ I]H

i
w "_.l = ——
wh) =5 ;-
DEFINITION 3.2.2: The “bra”. The conjugate transpose of a “ket” |v) is —i .
= —(1+i)
denoted by: 2
=i
= () 2
Similarly, we can also calculate:
(v| is called “bra v". Again, we stress the fact that this is just a notation and
doesn’t change the meaning of the conjugate transpose. (v|w) = i[ i ] [ I ]
2
DEFINITION 3.2.3: The “braket”. Given two vectors |v) and |w), we use the = %[I — i)
following notation for the inner product: 1 4
= T

(viw) = v) o |w)
We can observe that, as proved above, (w|v) = (v|w)
(v|w) is known as the braket of |v) and |w).



Entanglement

An n-qubit system can exist in any superposition of the 2" basis

states.
v DDUD[}O} + .:11-1\[]{][][}01} + -+ aon_q 111111}

with S50 1 o2 = 1

Sometimes such a state can be decomposed into the states of

individual bits

1 1
5(\00} + [01) + [10) + |11)) = 0)+11)) = \/—5( 0) +11))

1
v

Entanglement

Compare the two (2-qubit) states:

‘ '_L

00) +101)) and

— 00) + |11)
Yol 75(100) +]11))

bS]

If we measure the first qubit in the first case, we see |0) with

probability 1 and the state remains unchanged.

In the second case (an EPR pair), measuring the first bit gives |0)
or |1) with equal probability. After this, the second qubit is also

determined.



Vector

A vector is a column of numbers (any numbers, even complex). The amount of numbers is referred to
as the dimension of the vector.

Vector Addition. Adding vectors is easy, just add each

corresponding component! If v and w are complex vectors written explicitly as:

V1 _, Wi

Yy = and w=
V2 Wn

l

adding them gives:

'|l_!I] . H1]




Properties of vector addition and scalar multiplication

. vdw=w+4v (commutativity)

2. Vv (wHu)=(vV+w)+u (associativity)

3. e(V4 W) =cV4cw (distributivity of scalar multiplication)

4. (e+d)W=cv+dv (distributivity of scalar addition)

5. There exists a unique additive zero, denoted O such that ¥ + 0 = ¥ for any
vector V.

6. For any vector V, there exists an additive inverse —¥ such that ¥+ (—¥) = 0.






Matris

* Bir vektore etki ettiginde genel olarak baska bir vektor Greten sisteme matris denir.

Vi—p| A V2

A1 0 Qin
A=< : ", : )
An1  ° Ann )
Bir matris vektorlerin toplamidir. a;; ile gosterilir. I: satir, j: ise sGtunu gosterir.
B = AX
b1 X1

11 o Qin
b, ( : 3 : > X2
. An1  *° Ann

b, Xy




Matris

b1=0a11X1+A12X5+ ... + A1 Xy,
b2=a21X1+a22X2+ ... T aZan

bp=ap1X1+An2Xo+ ... + AppXp

bl‘:Z?:l aij Burada i=1,2, ..., N, j=1,2,...



Birim Matris

Birim matris bir matrise etki ettigi zaman o matrisin kendisi elde edilir. Birim matrisin tim
kdsegen elemanlar 1 dir. Kosegen disindaki elemanlaro O dir.

I1A=A

(5]

Bir vektor birim matris ile carpildiginda vektori degistirmez.

(0K



Conjugate and Transpose of Matrix

A* - complex conjugate of matrix 4.

) L 6i N R
= { 3i 2+4r’] then 4= { -3 24:‘]

AT - transpose of matrix A.

[ Gi PR 3i
IH_Lf 2—|—4f] then 4 _{61' 2+4r’]

AT - Hermitian conjugate (adjoint) of matrix A.
Note 4" = (47)

. I 6 P I B ¥
A= { 3i 2+4i] then 47 = { —6i 2—4;']



Matrices
Given a choice of bases |vy), ..., |v,) and [wq), ..., [ty ), let
faa)
Alvy) = E ayi|w;)
i=1

Then, the matrix representation of A is given by the entries a;;.

Multiplying this matrix by the representation of a vector |v) in the

v) in the basis

basis v1),.... v, ) gives the representation of A

Examples

1 1
A 45° rotation of the real plane that takes [ ] to [ ] and
0

S 5k

0 —— | . : :
] to ! lﬁ ] is represented, in the standard basis by the

! 73
matrix
1 1
V2 V2
1 1
V2 V2
0 —i .
The operator does not correspond to a transformation
i 0

of the real plane.



Adjoints

Assoclated with anv linear operator A 1s its adjoint A" which
satisfies
Aw) = (Alwv

w)

I:, ‘! 1

In terms of matrices, A" = (A7)

where * denotes complex conjugation and /' denotes transposition.

1 +7 1 —z 1 —7 —1
—1 1 1+ 1




Ornek: Asagidaki islemi gerceklestiren matris nedir?

_ O O O

S
o O O

O RO O

O OO =
N —



Conjugate and Transpose of Matrix

A* - complex conjugate of matrix 4.

) L 6i N R
= { 3i 2+4r’] then 4= { -3 24:‘]

AT - transpose of matrix A.

[ Gi PR 3i
IH_Lf 2—|—4f] then 4 _{61' 2+4r’]

AT - Hermitian conjugate (adjoint) of matrix A.
Note 4" = (47)

. I 6 P I B ¥
A= { 3i 2+4i] then 47 = { —6i 2—4;']



—
—

=7
S\

N
TN

%/R\\\D
Basis of a Vector Space
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Basis

A basis of a vector space V 1s a munonal collection of vectors

EEED P |0, ) such that every vector |v) € V can be expressed as a

linear combination ot these:

[0} = ag|v1) + -+ - 4 o |vn).

n——the size of the basis—1s uniquely determined by V and is called
the dunension of V.
Given a basis, every vector |v) can be represented as an n-tuple of

numbers.



Bases for C”

1 (} ()

0 1 ()
The standard basis for C" is

() (} 1
(written [0),. ... |l — 1}).

: : 4 : e

But other bases are possible: , is a basis for C-.

2 —i

We'll be interested in orthonormal bases. That is bases of vectors
0).]1)

of unit length that are mutually orthogonal. Examples are

and TEHH; + |1}, ?EHH; — [1)).



_ Example
Basis

. T I = 2 . . s . . . .
Any pair of vectors [¢), 1) € C* that are linearly independent The vector "’F measured in the computational basis gives

could serve as a basis. 72
| - either outcome with probability 1/2.
al0) + 3]1) = o'|o) + F'|)

Measured in the basis

The basis is determined by the measurement process or device.

S-S
SIS

Most of the time, we assume a standard (orthonormal) basis |0) .. , -
it gives the first outcome with probability 1.

and |1) is given.

This will be called the computational basis



Basis Change

E = {le:) }ie,

|(.')> = I(’l) + Q9 l('2> + -+ ap |(—."> p—

S = {lsi) Yiy

(o

o

\an)

Basis Change

|9) =2 i ilei) =
=Y im1 @ X5 |85) (8j]es)

Y g ail les)

IU)=a,1000)+a,]001)+a5]010)+a,]011)+a<|100)+a¢|101)+a,[110)+agl111)

1010) =

CO0O0O0OROO

Binary Decimal

000
001
010
011
100
101
110
111

0

N W



Ortonormal vektor set

* Quantum mekaniginde ve dirac notasyonunda dalga vektorunin adi.
Bu dalga vektorinin kompleks konjugesine ise bra denir. (bracket)
kelimesinden turetilmislerdir.

e Butlin ketler | >bir stitun vektor ile gosterilir.

e Situn vektorinun kacg tane girdisi var ise o vektorin boyutunu da
gosterir.

* Bunlar bir ortonormal vektor set olustururlar.

Ortonormal vektor set:

 QOile 0'Ini¢carpimi<0|0> =1
 lilelini¢carpimi<1|1>=1
 QOile1ini¢carpimi<0|1>=0
« 1lile0'ini¢cgarpimi<1|0>=0




Ortagonal - Ortanormal

Simdi, gosterildigi gibi ic carpimi hesaplayarak (0O | 0) degerini 1'e indirebiliriz:

(0 | 0) =[10
ve cunku (O
(0 | 1) = [10]

+[10]=1x1+0x0=1(0|0)=[10] - [10]=1x1+0x0=1
ve | 1) ortogonaldir, i¢ carpimi O'dir, gosterildigi gibi:
+[01]=1x0+0x1=0(0]|1)=[10]-[01]=1x0+0x1=0

Orthonormal Basis



Reverse Basis Change

representation in E

(Z Vi (er]s )\

. s1 ¥ ‘a(’ ’l“a

A%, Wi (enlen))

-1 o

U=U
(('1]-"1) (€182 ; (‘ll“n\\ {‘-'l\

(e2]81) (f’l“z - (ez]sn) v

\(' nl$1) ("'rl|5;> <('u|3n)))i:n)

representation in S



Unitary Operators X, Y, Z: Pouli quantum lojik kapilaridir.

H: Hadamard Quantum Lojik Kapisidir.
Bir matrisin quatum lojik kapisi

UU =UU* =1 F)Iabllrp§5| icin kend.|s.| ile Hermityan
T _ ifadesinin carpimi birim olmak
zorundadir.

Unitary Operators



Unitary Operators

A linear operator A is wunitaryg it

AAT = ATA =171

Unitary operators are normal and therefore diagonalisable.

Unitary operators are norm-preserving, and invertible.

{Awu|Avy = {(u|v)

All eigenvalues of a unitary operator have modulus 1.



Example:
) = a|0) + b|1)
. 0 1
V= [ 1 0]
a

0 1
N T =

Example:

Let |y) = 1]0) +0|1) = |0)
1 1
1 -1

1

J—=_L
4

rJ]

|

|
|'l"l,l_ T l.".___
V) =Ulv) = V2 [ 1 -1 ] [

|

b
a

Unitary Vector

Important: I/ must be unitary, that is U0 = J

Example:
1 ] 1
=1 o L
] = 5|0) +a|l) U= [ | —1 ] then UT = [ :
1 1 1 1
fu=-1L.1
Uty 2 \,2[ 1 —1 ] [ 1 —1 ]

S
=50 &
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Linear Operator



Linear Operator Linear Operator

A:H—H
((lll (ll2 &) . (lln\ /‘l.]\
4’/‘((l |.I'> + 13 |.II>) —_— (“‘/1 |‘l.> + ‘3‘/1 I.l/> (’2] (122 ée's (12" .'-2
Alz) =
Linear Operator . |
\”"l Gn2 °°° ”'nn/ \"'n/
a;n ¢12 °°° Qin
a2y @22 °** Q2n
Burada,

e A-Matrisi Quantum Lojik Kapidir.
e x: Qubit fonksiyonudur. Ket olarak gosterilir.

\”nl p2 - ”nn)



ax + by + cz
dx+ey+fz
gx+hy+iz

_(aw+by ax+bz)
“\ew+dy cx+dz




Obtaining Matrix

a1y a2 ---
A I('l) =
\(lnl An2 -*°
Obtaining Matrix
column k
(“ll . nlk “ e
”21 . (l2k .o
A |('k> =

(011 ajg ¢

\anl i LT R

aln\

a2n

£

a nn )

A1n \
a2n

0/

(a-n\

a2

\an1)

(ﬂw\

a2

\ans)

row k

Operations with Operators

(AA) |z) =

A(Alr)) = A

(A+ B)|z) = Al|z) + B|x)

(Alx))

Operations with Operators

A+ B =

AA =

\u 1 + b1 ay

(:\H“ ,\llr.»
A(lgl /\ll'_)-_) ue

\ A1 A2 -

(0“-'-})11 a2 +’)]
azy + b2y aze + by

2 + h

Aa In \
Aaz,,

** Qip T hln \

/\“ nr )

a2y, + b.ln

Qppn + hu u)



Operations with Operators

‘, “ A (’ [—‘Ill —('12 .. — ('l“

00 --- 0 -3y — Q22 *+* — Q2q
Ona = - A =

00 -« 0 \ Ay Ang *** (.
A+B=DB+ A

(A+B)+C=A+(B+C)=A+B+C

AMA+B)=AA+)B

Product of Operators

(AB) |z) = A(B |z))
A(BC) = (AB)C = ABC
A(B+C) = AB + AC

AB = BA

Product of Operators

(AB) |z) = A(B |z))
[A,B] = AB — BA



Inner Product
(Skaler Carpim)



Linear Vector Space

A+ B

Operations Properties

00A=0, A+0=A
a(A+ B)=aA+aB
A+B=B+ A

(A+B)+C=A+(B+C)=A+B+C

Inner Product

ccHXH->C

z,YyeH, a€C

l.z-y=y-
2.3 ty:n( y) "
3. 25820 (:z::c 0= x=0)

Inner Product in Euclidean Space

( | \ / ) \
T2 Y2
I3 Y3

\ta/ \tn)



Inner Products |
Inner Product on C»

An inner product on V is an operation that associates to each pair
P P P The standard inner product on C™ is obtained by taking, for

) =) wgli) and  |v) =) "wuli)

i 1

u), |v) of vectors a complex number
(u|v).
The operation satisfies

o (u|lav+ fw) = alulv) + Flu|lw) (u|v) = E uivg
& - I"
e (u|v) = (v|u)* where the * denotes the complex conjugate.
e (v|v) = 0 (note: (v|v) is a real number) and (v|jv) =0 iff
lv) = 0.

Note: (u| is a bra, which together with |v) forms the bra-ket (u|v).



Inner Product in Euclidean Space
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Inner Product in Euclidean Space
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Inner Product in Euclidean Space
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2]l = Va2
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Inner Product
in Hilbert Space
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 — D*l
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Inner Product
in Hilbert Space

n
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Y= ZJ,'!/.'
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el = v - ®

|z y|
lz|[llyl

cosf =

Inner Product
in Hilbert Space

feg=[fy



Norms
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Norm: Clnkl quantum lojik kapisi olup olmadigini
Norms belirlemede ¢cok 6nemli bir kriterdir. Quantum lojik kapisi
olabilmesi icin ifadenin normu 1’e esit olmalidir.

The norm of a vector |v) (written || |v)||) is the non-negative, real

number:

.l'r'l| i hll'.
"\.I.'J.'|E lI.".

A wunit vector is a vector with norm 1.

0.

Two vectors |u) and |v) are orthogonal if (u|v)

An orthonormal basis for an inner product space V is a basis made

up of pairwise orthogonal, unit vectors.

the term Hilbert space is also used for an inner product space
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Outer Product

With a pair of vectors (u) € U, |v) € V we associate a linear

operator (u)(v|: V — U, known as the outer product of |u) and |v).

(Ju) () o) = (o] u)

v)(v| is the projection on the one-dimensional space generated by

)
V).

Any linear operator can be expressed as a linear combination of

outer products:

A=) AyliyGl.
(]



Tensor Products

In matrix terms,

AnB  ApB - Ay DB
An B AgpB - Ay B
Ao B =
A-mlB AmZB T AmmB
outer product : a®b
a by, ¢ ragby agbs oo+ aghy
an b? r]gbl ﬂgbg e {lgbj




Tensor Products

If U is a vector space of dimension m and V one of dimension n

then U 2 V is a space of dimension mn.
Writing |uv) for the vectors in U ¢ V:

o |(u+u)v)=|uv)+ |uv)

o u(v+v')) = |uv)+ |uv’)
(zu)v) = |u(zv))

Given linear operators A : U — U and B : V — V, we can define
an operator A © 3 on U @V by

Yy —

o Z|uv) =

(A @ B)luv) =

(Au), (Bv))
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Ozdeger, Ozvektor

« Ozdeger ve Ozvektdrler, matrisin orjinal yapisi ile ilgili stratejik bilgiler verdiginden, matri
guantum lojik kapisinin matematiksel ifadesi oldugun cok kritik degerlerdir.

e Ozdegerler, bir matrisin orijinal yapisini gérmek icin kullanilan alternatif bir yoldur.
* Bazivektorler bir A matrisi ile carpildiklari zaman yoén degistirir, bazilari ise degistirmezler.

* Bazi 6zel x vektorleri, Ax vektdri ile ayni yonde kalmaktadir. iste bu vektdrlere
“Ozvektorler” denir.

* Bir 6zvektorin A matrisi ile carpimi olan Ax vektoru, orijinal x vektorinin AeR olmak
Uzere A katidir.



Tanim: Ozdeger, Ozvektor

* A bir nxn boyutlu kare matris olsun. Eger A bir skaler ve x vektoru de sifir olmayan, x B0, bir situn vektori
olmak Uzere, Ax=Ax esitligi saglaniyorsa x vektoru, A matrisinin 6zvektoru, A skaleri de A matrisinin
O0zdegeridir.

* Aynizamanda x, A 6zdegerine karsilik gelen 6zvektordur.

* Birskaler olan A, nxn boyutlu A matrisi icin Ax=Ax denkleminde x’in sonsuz ¢6ziimu oldugu durumda bir
O0zdeger tanimlar.

 Temel denklem Ax=Ax seklindedir. Burada A skaleri A matrisinin bir 6zdegeridir. Bu skaler, 6zvektoriin A
matrisi ile carpilmasi halinde elde edilen yeni vektorin uzunlugunun, orijinal x vektorine gore buyudug,
kiictldiigu ya da ayni kalip kalmadig bilgisini vermektedir.

« Qzdeger sifir degerini alabilir. Bu durumda Ax=0x olur ve dzvektdr x, sifir uzayinda tanimhdir.

e Eger A birim matris ise, Ix=x olur. Bu durumda nx1 boyutlu tim vektorler 6zvektordiir ve A matrisinin tim
O0zdegerleri A=1'dir.

* A matrisinin T :Real n degerleri icin bir dogrusal donistimuin tanim matrisi oldugu varsayilsin.

* Bu durumda Ax=Ax esitligi saglaniyorsa T(x)=Ax olur. Bunun anlami, eger x, A matrisinin 6zvektori ise T
donudsiminidn sonucunda x vektoriniin gorintisu bir skalerle carpimi olan Ax vektoriddr.



Eigenvalue Equation

Alp) = A|9)

Properties

Alg) = M |¢) = Alalg)) = ha|9)

Vigr) € {loi)Yie:  Aldr) = A2|dr) =

= AQQ o, i |di) = X2 (Doio, @i |64))

Example — Rotation

eigensubspace 1

eigensubspace 2 A/

Hermitian Operators

1 Eigenvalues are real
(x| A|z) = ({x| A) |z) = X*||z||
(x| Alz) = (z| (A|z)) = Al|z]|

2 Eigenvectors for different eigenvalues
are mutually orthogonal

Alz) = Al|x)

Aly) =ply)

(x| Aly) = Axly) = n(zly) = (zly) =0

4"‘ * = ."




Eigenvalues of matrices are used in analysis and synthesis

Eigenvalues

An cigenvector of a linear operator A: V — V 1s a non-zero vector

») such that

A

.'E'|::::I — A|'€1:}
for some complex number A

A is the cigenvalue corresponding to the eigenvector v,
The eigenvalues of A are obtained as solutions of the characteristic

equation:

det(A—Al)=0

Each operator has at least one eigenvalue.



Diagonal Representation

A linear operator A is diagonalisable if
f]L: E .-:‘v.€|i,~:f:£€|
]

where the

v, are an orthonormal set of eigenvectors of A with

corresponding eigenvalues A;.

Equivalently, A can be written as a matrix

A1

A

in the basis [vy), ..., |0, ) of its eigenvectors.
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Hermitian Operator
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Normal and Hermitian Operators

An operator A is said to be normal if
AAT=ATA

Fact: An operator is diagonalisable if, and only if, it is normal.

A is said to be Hermitian if A = A

A normal operator is Hermitian if, and only if, it has real
cigenvalues.



Action on the Left

(¢
(¢

(¢

e H*
A (Dlalz) = (0| (A|x))

a=104)", |oa)-7

Action on the Left

(¢| A= <¢|A
[pa) = ((6] A)*

Action on the Left

(Pl A= (o7 05 --- &})

Matrix Element

(0| A) |¥) =

(61 03 -+ o7)

[au ayz -
azy Qo2 -°--

\anl an2 °*°°

ay a2 ---
a2y a2 -+-*-

\“nl Ap2 **-

A

U9

\ )



Matrix Element Hermitian Conjugation

(d| A |Y) = l.a > @@ — a

= (8] 4) [4) = (] (A|¥)) 2. |9) = (4] = |9)
3. A A* S A
Hermitian Adjoint

16) <> (6] 2> (3| A= (da] > |da) Hermitian Conjugation

(a|a) (b| (c| ABC |d))* =

Hermitian Adjoint

=a (d|C*B*A* |c) |b) (a]
(6] A)* = A" |¢)



Hermitian Adjoint Hermitian Operators

» .
(l“ ('1‘21 anl

ajz A3y - Qo

A"

»
A1 Aoy, " Qpp



Projection Operator

6) €H,  [|o]l =1

¢) (¢

Projection Operator

|0) (0]4)

Projection Operator

i)

02

0) (0| = (o] &5 -+ &%)

\én)

Projection Operator

P; = |¢:) (9i i=1---k (@1|O_-,'> =0

[o= sz:l P,



Closure Relation

P;,=le) (e, i=1---n (e

P=5%"_,le) (el =1

ffj) p— “

Projection, Eigenvalues

H(,'!: {4,’: ) U‘ = ) (O () = (,)" , ‘\l = l l!l goeneracy = ]
) L @)

(l0) (&) |v¥) = |@) (dlv) = 0, Ay =0, degeneracy = n — |



Usage Notes

A lot of slides are adopted from the presentations and documents published on internet by
experts who know the subject very well.

| would like to thank who prepared slides and documents.
Also, these slides are made publicly available on the web for anyone to use

If you choose to use them, | ask that you alert me of any mistakes which were made and allow
me the option of incorporating such changes (with an acknowledgment) in my set of slides.

Sincerely,
Dr. Cahit Karakus
cahitkarakus@gmail.com



